We use the relation between 2d Yang-Mills and Brownian motion to show that 2d YangMills on the cylinder is related to Chern-Simons theory in a class of lens spaces. We find that the partition function of 2dYM reduces to a gluing operator of the type U = ST p S in ChernSimons theory for specific values of the YM coupling but fininte k and N . U is the operator from which one obtains the partition function of Chern-Simons on S 3 /Z p , as well as expectation values of Wilson loops. The correspondence involves a continuation of the partition function to imaginary values of the Yang-Mills coupling, and this entails absorbing a divergence in the definition of the zero-point energy of the theory. The present reformulation makes a number of properties of 2dYM on the cylinder completely explicit. In particular, we show that the modular transformation properties of the partition function are intimately connected with those of affine characters.
Introduction and summary of results
Two-dimensional Yang-Mills is a well-studied theory [1, 2, 3] , especially in its large N limit where it can be formulated as a string theory [2] . Being a nice toy model to study quantum gauge theory, both perturbatively and non-perturbatively, as well as being able to explicitly manifest itself as a string theory, this theory very explicitly realizes the idea of 't Hooft [4] that gauge theories at large N can be reformulated as closed string theories, and has been an object of extensive study for the last fifteen years or so. To the extent that one might think there are no interesting questions for Yang-Mills left to answer on a Riemann surface.
Yet there are several indications that much physics is still to be extracted from bosonic 2dYM. Let us mention just a few of them. In [5] , it was shown that 2d Yang-Mills on the torus is related to a string theory at large N , but of a different kind from the one found in [2, 6] . It is not defined on a two-dimensional target space, but rather as the topological A-model on a sixdimensional non-compact Calabi-Yau. The correspondence was argued both on the topological vertex side and on the twisted 4d SYM theory side, where the twisted 4d SYM reduces to 2d bosonic YM. Related ideas had been discussed previously in [7] . Vafa has further conjectured [5] that 2dYM may have some relevance in the description of 4d black holes of type II superstrings.
Nekrasov [8] has shown that random partitions can be used to compute instanton contributions to the prepotential of N = 2 SYM theory. In [9] , it was shown that these partitions are related to, among other things, Wilson's plaquette model of QCD 2 at finite N . In [10] , random partitions were shown to be related to large N 2dYM on the sphere.
Since in 2dYM the partition function of both the sphere and the torus can be obtained from that of the cylinder, the above suggests that a reexamination of 2dYM on the cylinder might be desirable.
Finally, in [9] a relation was found between Brownian motion in a Weyl chamber and ChernSimons theory, and between Brownian motion in a Weyl alcove and 2d Yang-Mills. This suggested some type of relation between Chern-Simons and 2d Yang-Mills. Such relations had already been pointed out in [11, 12, 13, 14] .
In this paper we reformulate 2d Yang-Mills on the cylinder along the lines of [9] . We use the techniques of earlier studies of the heat equation in the mathematical literature [15, 16] . This makes the modular properties of the theory completely explicit. In [17] , these modular properties were studied for the torus. However, a simple formulation in terms of theta-functions was lacking. On the cylinder, we can reformulate the partition function of 2d Yang-Mills in terms of generalized theta-functions and work out its modular properties explicitly.
The new reformulation of 2d Yang-Mills also sheds some light on the relation between 2dYM and Chern-Simons. We find that for special imaginary values of the coupling and particular external states, corresponding to integrable representations, the partition function equals the gluing operator U = ST p S in Chern-Simons theory, from which the partition function on S 3 /Z p and expectation values of up to two Wilson loops can be obtained. Notice that the partition function of 2d Yang-Mills diverges at these particular values of the coupling. The divergence is however only an overall numerical factor that can be reabsorbed in the definition of the zeropoint energy. This does however indicate that this continuation of the coupling to imaginary values can be subtle, and might have consequences for the analytic continuations involved in the Chern-Simons/topological strings correspondence at large N .
In section 2 we analyze the structure of 2dYM on the cylinder by reformulating it in terms of Brownian motion. This gives us an expression for the partition function from which we can explicitly extract the modular properties of the theory under SL(2, Z) transformations of g 2 YM A. We find that the Brownian motion density transforms in a unitary representation of SL(2, Z) on affine characters, up to a weight of r/2, where r is the rank of the gauge group. In section 3 we show that complexifying the Yang-Mills coupling to the values
l , the partition function of 2dYM, which involves a sum over the whole coroot lattice Q ∨ , collapses to a sum over the finite lattice Q ∨ /lQ ∨ , up to an overall divergent factor which we absorb in the definition of the zero-point energy. After subtracting the divergence, the partition function is equal to the (appropriately normalized) operator U = ST q S. We end with some conclusions and open problems.
2 Two-dimensional Yang-Mills on the cylinder
In [9] relation was found between Brownian motion/discrete random walk models of N nonintersecting movers on a line, and certain low-dimensional gauge theories. The gauge theories involved were 3d Chern-Simons theory, 2d Yang-Mills, and the plaquette model of QCD 2 . As it turned out, a fruitful way to think about these motions was in terms of a single particle performing Brownian motion in the Weyl chamber of some (finite or affine) Lie algebra. In this section we will briefly review the basic correspondence and work out in detail the correspondence between Brownian motion and 2d Yang-Mills, leaving the Brownian motion description of ChernSimons theory for a future publication.
Let us first recall some basic facts about 2d Yang-Mills on the cylinder that we will use later on. The partition function can be shown to be [1] 
The Yang-Mills coupling always appears in combination with the area of the cylinder, t = g 2 YM A. C 2 (λ) is the eigenvalue of second Casimir in the representation λ. The sum runs over all finite dimensional, irreducible representations.
This partition function is the kernel for the heat equation on the group manifold of the corresponding group G:
Given a boundary condition f 0 (g) at t = 0, the heat equation has a unique solution:
We will later on see that it is important that the coupling constant t = g 2 YM A is complex, and in particular not purely imaginary. That is why one cannot continue solutions of the heat equation to solutions of the Schrödinger equation without care. When there are infinite sums involved, the continuation is not always analytic.
2dYM on the cylinder has been studied in [19, 18] .
2.1 Brownian motion and low-dimensional gauge theories: the basic correspondence
In [9] we considered Brownian motion of a number r non-intersecting movers on a line. Alternatively, this can be regarded as motion of a single particle in the Weyl chamber of a Lie group, whose dimension equals the rank of the gauge group, r. We will first review the archetypical case of Chern-Simons on S 3 with gauge group U (N ), in which case r = N . In what follows we briefly summarize this relation [9] . Details will be presented elsewhere. In the next subsection we will work out the case of 2d Yang-Mills. Even though for some purposes the description in terms of N particles is more useful than one where one considers a single mover, in this paper we will describe things from the perspective of a single mover performing Brownian motion in the Weyl chamber of some Lie algebra. Consider first U (N ). Its Weyl chamber is the dual Cartan subalgebra modded out by the Weyl group, in this case the permutation group S N . We can arrange coordinates so that the Weyl chamber is given by a vector λ = (λ 1 , . . . , λ N ), where λ 1 > λ 2 > . . . λ N . The probability for this particle to travel from µ to λ in time t is given by [20] 
The vectors λ and µ label irreducible representations of U (N ). Now it was shown in [9] that this is the partition function of Chern-Simons on S 3 with gauge group U (N ) when the particle travels on a closed loop starting and ending at λ = µ = ρ. ρ is here the Weyl vector, denoting the trivial representation, and plays the role of our origin of coordinates on the Lie algebra. By taking different boundary conditions one was also able to get expectation values of Wilson lines, and precise agreement was found. As noted in [9] , the above probabilities together with the Boltzmann factor provide a representation of SL(2, Z) on affine characters and so they are in 1-1 correspondence with the modular matrices of the WZW model. An alternative expression for the probability was given:
which is obtained by the method of images [20] .
2d Yang-Mills as a Brownian motion
In this section we consider a particle moving in the fundamental Weyl chamber of the affine Lie algebra of the corresponding group. The structure of this Brownian motion is quite interesting, and it turns out to be related to 2d Yang-Mills on the cylinder. In appendix A we recall some definitions and notation that we use in what follows. We will be concerned with Brownian motion in the fundamental Weyl alcove of the algebra. This is the set of weights, moded out byW . We recall that the affine Weyl group also includes translations in the coroot lattice
where W is the Weyl group. Thus we can characterize the fundamental Weyl alcove as P/lQ ∨ , where l = k + g -here, k is the level and g is the dual Coxeter number -, moded out by the Weyl group. Notice that the Weyl alcove is actually finite, so we can think of the nonintersecting particles as moving on the compact dual Cartan torus. Therefore, in order to obtain the Brownian motion density in the Weyl alcove we sum over all the images under this translation [9] :
where |λ| 2 = r i=1 |λ i | 2 . For U (N ), r = g = N and l = k + N , but in the following we will not assume this.
By construction, q t,r (λ, µ) still satisfies the heat equation
where ∆ is the flat space Laplacian with respect to the boundary conditions λ or µ.
There is a different way to rewrite the above expression which is in some respects more natural. It is not hard to see that the following identity holds:
where we defined affine vectors 1λ = λ + lω 0 ,μ = µ + lω 0 . Notice that these vectors are in the fundamental alcove of the algebra, as they should. In fact, they are of the formΛ +ρ, whereΛ has level l. Thus we get
We could have guessed the above expression from the analogy with the finite case. In fact, such expressions for the case of discrete random walks are mentioned in [21, 22] and analyzed in [24] in the context of a generalized ballot problem. For Brownian motion, [23] gives a related expression for motion of N non-interacting particles on a circle. The above gives a derivation based on the compactification of the infinite Weyl chamber. We now turn to the relation of the Brownian motion density to 2d Yang-Mills theory on the cylinder. Our aim is to show how the partition function of 2dYM, (1) , is related to the Brownian motion density, (9) . To that end we can invoke theorem (4.3.4) of [15] , which we rewrite as follows:
|γ+λ−wµ| 2
where D ρ (λ) is the denominator of the character:
P is the weight lattice, and |P/Q ∨ | is the volume of P/Q ∨ , i.e. the number of points of P that are contained within a unit cell of the coroot lattice Q ∨ . For the external states on the cylinder we filled in group elements g ′ = e λ ′ , g = e µ ′ , and we defined
The proof, which we will not repeat here, goes in two steps. First one uses Weyl's character formula on the left-hand side and reduces the final expression to an expression involving only a sum over weights and a single sum over elements of the Weyl group. Then one uses Poisson's resummation formula to replace the sum over the weights by a sum over coroots. Using this, we find:
This is the expression in [9] . Notice that the Poisson resummation effectively transforms the time-dependence as t → −1/t.
Notice that the relation between 2d Yang-Mills and Brownian motion involves factors of D ρ (λ) that depend on the representation. These come from the normalization of the characters χ λ (g). The partition function has been normalized so that it has the expected limit on the disc, i.e. when g →id. Of course, such normalization factors are independent of t. This normalization ensures that both sides satisfy the heat equation. We will see in the next section that such factors also appear in the relation between 2d Yang-Mills and Chern-Simons in lens spaces, whereas Chern-Simons and Brownian motion share the same normalization.
The structure of 2d Yang-Mills on the cylinder
In [9] we claimed that the modular properties of 2d Yang-Mills on the cylinder are simple to analyze. This follows from the representation (14) and the analysis is absolutely standard, see e.g. [25, 26] . Since the normalizing prefactor has no t-dependence, we will analyze in detail the expression
This can be expressed in terms of the following theta-function:
where l is any integer (in our case it will be the level). Taking
we have to evaluate the Θ-function at the point (ζ; τ ; s) = − 2l . Thus we get the following identity
S-transformations are generated by (ζ; τ ; s) →
2τ . In this case, the S-matrix is represented by
and
The sum
transforms under S-transformations as:
µ (ζ; τ ; s) (22) and under T -transformations:
It is now straightforward to see how q t,r (λ, µ) transforms. First of all, let us add the additional parameter s in our notation. This simply keeps track of the phases generated:
A modular transformation on (ζ; τ ) → (ζ ′ ; τ ′ ) redefines µ, t as follows:
We get:
where S is defined as before. This can also be written as
(wλ,ν) q t,r (ν, µ; s)
where S is now the usual, unitary representation of the S-matrix on affine characters. Notice that in our case we start with the particular value of s (17) and end up with s ′ = 0. Now because of (14) , this gives us the transformation rules of Z 2dYM (g, g ′ ; t). We get a unitary representation of the modular transformations if we appropriately normalize the partition function. Indeed, it should by now be clear that
where the affine character is χλ(µ) = w∈Ŵ ǫ(w)e (wλ,μ) w∈Ŵ ǫ(w)e (wρ,μ) .
λ andμ are defined as in (9) . In our case the modular anomaly term is absent because 2 n λ = n µ = 0. The above formula is completely analogous to Brownian motion in the Weyl chamber of the classical group, for example U (N ), where we found that the normalized probability was the character of U (N ). The modular transformation properties of the affine character are now the usual ones:
where S and T are the usual representations of the modular matrices on affine characters, given in appendix .
3 Two-dimensional Yang-Mills on the cylinder and Chern-Simons on S 3 /Z q Some experience with the modular matrices of the WZW model and U (N ) characters immediately tells that, up to a normalization, an object such as (1) is very similar to a product of modular matrices ST q S for some power q related to the YM coupling. There are, however, important differences. The first one is that the Hilbert spaces are different. In 2d Yang-Mills, we sum over all finite dimensional representations, and also the external states at the two ends of the cylinder can be in arbitrary representations. The WZW model, on the other hand, is based on an affine Lie algebra where the Hilbert space only contains integrable representations satisfying (λ, θ) ≤ l, where θ is the highest root. The second difference is in the coupling constant. 2d Yang-Mills really satisfies a heat equation, whereas ST q S, if q or the level were continuous parameters, would satisfy the Schrödinger equation. Nevertheless one would expect that some kind of analytic continuation should be possible, in the same way that we can describe topological strings by identifying the string coupling as g s = 2πi
k+N . The purpose of this section is to make these observations precise. To this end, it will prove far more useful to start from the expression (14) than to work directly with (1). Basically, in (14) the two characters have already been expanded into a single expression of the type found in the Chern-Simons literature.
It turns out that there are special values of the coupling g YM at which the partition function (1) collapses to the gluing operator ST q S in the way expected, i.e., up to normalization. These values of the coupling are complex, and precisely at these values the sum over all representations reproduces the sum over the integral representations in Chern-Simons. This uses a certain periodicity of the partition function for these values of the coupling. Since the partition function is periodic on an infinite lattice, there is an overall diverging factor multiplying the partition function. Thus we will see that the relation is more subtle than the above naive observations.
Chern-Simons on S
3 /Z q
In [27] , a surgery prescription was constructed for obtaining partition functions and expectation values of Wilson loops on non-trivial manifolds. One glues together a three-manifold M out of two solid tori by appropriate identification of the A-and B-periods of the two tori after diffeomorphisms. These diffeomorphisms are represented by SL(2, Z) transformations. The partition function of Chern-Simons theory on this manifold is then given by the representation of the corresponding gluing operator on the Hilbert space of the WZW model. Chern-Simons theory in lens spaces was introduced in [27] and studied in [28, 29, 30, 31] . The corresponding matrix model for the case S 3 /Z q was analyzed in [31, 32] . It was shown in [31] that modding out the S 3 by Z q corresponds to acting on the complex structure before gluing by an SL(2, Z) matrix U = ST q S. If we represent a generic SL(2, Z) matrix by
and in the usual representation
then it follows that we need 3 U (−1,q) = ST q S with p = s = −1, r = 0. Flipping the signs of p and s would simply correspond to flipping the sign of g YM and of the external states. We will not consider this in this paper. The representation of the generic operator U (p,q) in this Hilbert space is given in [30] . In the case of interest to us we have:
Here, Φ(U (p,q) ) is the Rademacher function, related to a choice of framing [33, 12, 28] . In this paper we will not keep track of constant phase factors, although this would be an important check. As shown in [29] , taking matrix elements of U (−1,q) in the trivial representation gives the partition function of Chern-Simons on S 3 /Z q . Taking it between non-trivial representations λ and µ means that we glue two tori with colored cycles λ and µ, which results in the expectation value of a link W λµ embedded in S 3 /Z q .
We can already see the very similar structure with (7). In fact, under the identification 1/t = 2πi/lq, up to numerical factors independent of l and q the only difference seems to be the summation range. One would think that in the limit q → ∞ both expressions precisely agree. Things are nevertheless a bit more subtle. The expression (7) does not make sense when 1/t = 2πi/lq. Due to the periodicity of the lattice, an infinite number of images will contribute exactly the same weight. That is why, whereas the real expressions are finite, continuation to complex values of the coupling is subtle in this case. In fact we will exploit this periodicity to show that, up to this divergence, both expressions do agree without the need to take q to infinity. The divergence can naturally be absorbed in the definition of the zero-point energy of 2d Yang-Mills. We do not have a nice intepretation for this divergence from the point of view of Brownian motion.
Relation between 2d Yang-Mills and Chern-Simons
Let us now see how we can continue the partition function to imaginary values of the coupling. This has to be done carefully, as it diverges on the imaginary axis. We can rewrite the partition function as
where for convenience we included an extra factor of |ρ| 2 in the exponent, and as before λ ′ = 2πiλ/l, µ ′ = 2πiµ/l, and t ′ = (2πi/l) 2 t. We also defined the function
(γ 2 +2γλ) .
This is a higher-dimensional generalization of the usual theta function, whose asymptotic properties are well-known. It is well-known to converge when i/t is in the upper-half plane, and for any λ ∈ C. We will be interested in the asymptotic properties of this function. To get the partition function from this we just multiply by the relevant Gaussians and sum over images. Since we want to compare with Chern-Simons theory, we need to identify
where ǫ > 0 is a real constant that we will take to zero at the end of the computation. We can rewrite the above as
We now split the sum as follows:
Now the following is true 4 :
We can make use of this to reduce the sums. The only terms that remain are:
Obviously, the last term proportional to ǫ we can drop, as it has no β ∨ -dependence and only gives a finite contribution that will go to zero when we take ǫ → 0. The second term in the exponential is the one we are interested in; it is the one related to U . The first term is there only to regularize the sum and contributes an infinite normalization constant. Clearly, the diverging contribution comes from the infinite sum over Q ∨ in the limit ǫ → 0. The contribution of this term is analyzed in the appendix B. Using those results, we finally get:
Filling this into the summation in (34), we get for the leading divergence
The last term is the gluing operator (33) , where the irrelevant sign difference in µ comes from the fact that at one end of the cylinder we are considering the conjugate representation g −1 = e −µ ′ .
Filling this into the partition function (34), we get
This is now, up to normalizations, the gluing operator U −1,q λµ . As mentioned at the beginning of this section, the normalization by factors of D ρ has to do with the normalization of the character in 2d Yang-Mills. This is different from the normalization of S, which does not contain that factor in the Weyl denominator formula. If we normalize the gluing operator the same way as the characters, that is, such that the S-matrices are normalized to unit strenght, we get
Thus, we finally obtain:
where φ is a phase that we are not considering in this paper 5 . The quantity on the right-hand side is finite. The fact that the normalizations now agree precisely matches our naive expectations. The divergence can now be absorbed as a constant in the definition of the zero-point energy. Notice that it depends only on q and ǫ but not on any other quantities. Recalling that the action was
we can add a counterterm given by
and we see that we need to adjust c = r 2A log q 2 ǫ π , where A is the area. Such counterterms are invariant under area-preserving diffeomorphisms and hence respect the symmetries of the theory. In our case, the area drops out in (47), and the counterterm is really a pure number, because ǫ is. Even though both g YM and A are dimensionful, their product being dimensionless, in our relation g
the length scales of g YM and A are fixed but we still have the freedom to rescale them by pure numbers.
Counterterms that redefine the zero point energy and thus shift the partition function by a constant have been discussed in [11, 12] . There, it was discussed that there is an ambiguity in the definition of the partition function related to the addition of such terms 6 , different regularization schemes giving different values of c.
Notice that the divergent prefactor of (ǫ/π) r/2 in (45) is precisely the factor of (2πt/l) r/2 that we got in our final expression for our modular transformation (27) if we subtract the imaginary part of t. Also, notice that shifts of τ → τ + 1 correspond to shifts of t by 2πi/l. This suggests that the factor that we found by explicit computation might be the same as the prefactor that follows from the modular transformation properties, although we have not checked this explicitly. In particular, the appropriate q-dependence should be taken into account. One should be able to use the modular transformations in section 2.3 to get the above results directly. Presumably this would involve using both T -and S-transformations.
Let us comment on the normalization of the operator u λµ that we used in (44). Whereas the normalization in 2dYM is different from the normalization of U (−1,q) , Brownian motion actually automatically comes with the same normalization as U (−1,q) . This was expected too, as it was found in [9] that, up to framing factors, these normalizations generically agree in the case of Brownian motion in the Weyl chamber of the finite algebra, S having the interpretation of Brownian motion densities. In particular the above implies that one should be able to obtain q t,r (λ, µ) from a composition of two finite probabilities p t,r with a Boltzmann factor, and summing over intermediate states. This should be most clear in the matrix model representation.
Conclusions and outlook
Two-dimensional Yang-Mills on a manifold of non-trivial topology is a simple but still interesting gauge theory. Besides the interest that it has on its own and its traditional string interpretation [2, 6] , recent developments mentioned in the introduction [5, 9, 8, 10, 7] indicate that it also has useful applications in 4d SYM and topological strings. According to [5] , it may even tell us something about black holes.
The topological A-model is effectively described by Chern-Simons theory at large N . If, on the other hand, the topological amplitudes corresponding to certain geometries can be described by 2dYM [5] , one would expect to find direct relations between Chern-Simons theory and 2dYM. Despite many suggestions in the literature [11, 12] , the relation between Chern-Simons and 2dYM, and in particular its range of validity, have always remained somewhat obscure. For example, in [11, 12] , these two theories were related to each other, but only at small g YM and large k. The relation we have discussed in this paper is very similar, but it requires neither of both. With one caveat, which is that for certain values of q it might actually be possible to show, using the modular transformations of section 3, that the term 2πi/lq is actually a θ-angle and can be transformed away by a T transformation (possibly in combination with an S-tranformation). The remaining coupling would then simply be proportional to ǫ, which would mean that we effectively are at weak coupling. This, however, we have not shown. Whether the imaginary part of g YM can be interpreted as a θ-angle would be interesting to show. Notice, however, that we did not need to take the limit of large k or N . Our final expressions are finite in these parameters. The 't Hooft limit can naturally be taken in our case as long as k is not much larger than N , since g 2 YM was proportional to
k+N . This gives some hope that the matrix model of 2dYM might have some relevance to Chern-Simons in lens spaces. The natural matrix model that one finds on the Chern-Simons side becomes increasingly complicated for larger values of q [31, 32] . Notice that our relation g 2 YM A = 2πi lq precisely matches the expectation for the topological string, where g s = 2πi lq [31] . It would be extremely interesting to see whether the present relation between Chern-Simons and 2dYM can be obtained geometrically on the topological strings side.
An interesting extension of our results would be to include the θ-angle in the U (N ) case as in [5] . This would presumably result in additional linear terms in theorem 4.3.4 of [15] , and the generalization should be more or less straightforward. This θ-angle plays a crucial role in the relation with topological strings, and it might give some insight in the meaning of our complex values of the coupling.
We have also shown that one has to be careful when doing continuations to complex values of the coupling constant g YM , as divergences might occur for special values of the coupling. As we have seen, this value is precisely the one that is interesting for topological strings, and so this might entail some subtleties in the analytic continuations involved in relating Chern-Simons theory to topological strings. In our case, the periodicity of the exponents with respect to shifts of the coupling by these imaginary values, and the fact that we are considering special external states at the two ends of the cylinder, precisely conspire so that the infinite sum on the YM side collapses to a sum over the finite Hilbert-space of Chern-Simons theory and get the WZW matrix elements.
In [28] , explicit expressions have also been found for Chern-Simons on torus manifolds. The expression for the partition function does not involve any external states and it bears some resemblance with 2dYM on the torus. It would be interesting to see whether these expressions can be related to 2dYM.
Finally, let us mention that the Brownian motion description of 2dYM made its modular transformation properties absolutely explicit and provided us with useful tools to relate 2dYM to Chern-Simons theory. 
and we used the fact that the Cartan matrix is non-degenerate. Notice that in the limit ǫ → 0 only the m = 0 term contributes to the Θ function, hence up to finite terms:
so actually the final expression is independent of z. This is the result we used in (41).
